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1
2Abstract. We give some conditions under which the pressure term in the incom-
pressible Navier-Stokes equations on the entire d-dimensional Euclidean space is
determined by the formula ∇p “ ∇
˜
dÿ
i,j“1
RiRjpuiuj ´ Fi,jq
¸
, where d P t2, 3u,
u :“ pu1, . . . , udq is the fluid velocity, F :“ pFi,jq1ďi,jďd is the forcing tensor, and
for all k P t1, . . . , du, Rk is the k-th Riesz transform.
1. Introduction
The incompressible Navier-Stokes equations on the Euclidean space Rd, with d P
Z`, are the key governing equations of viscous fluid flows with a divergence-free
fluid velocity vector field occupying all the Rd space, which are given by$’&
’%
Btu “ ∆u´ pu ¨∇qu´∇p`∇ ¨ F,
∇ ¨ u “ 0,
(NS)
where u :“ pu1, . . . , udq is the fluid velocity, p is the fluid pressure, F :“ pFi,jq1ďi,jďd
is the forcing tensor, ∇ ¨ F :“
˜
dÿ
i“1
BiFi,1, . . . ,
dÿ
i“1
BiFi,d
¸
, and ∇ ¨ u :“
dÿ
i“1
Biui.
We now introduce several notations, preliminary results and definitions that
will be helpful in the sequel. For all y :“ py1, . . . , ydq P Rd, we write |y| :“a|y1|2 ` ¨ ¨ ¨ ` |yd|2. For any d P Z`, and for every γ ą 0, we denote by wγ :“ wd,γ,
the weight function, provided by
wγ : R
d ÝÑ R
x ÞÝÑ wγpxq :“ 1p1` |x|qγ .
For all d P Z`, for every δ ą 0, and for each 1 ď p ă `8, we use the notation
LpwδpRdq to represent the weighted Lp-space given by LppRd, wδpxq dxq. Moreover, for
all d P Z`, and for any j P t1, . . . , du, Rj :“ Rd,j denotes the j-th Riesz transform,
given by
Rj :“ Bj?´∆ .
Let b and u be two vector fields on Rd. The tensor product, b b u, of b and u,
is defined as the d ˆ d-matrix, given, for all i, j P t1, . . . , du, by pb b uqi,j :“ biuj.
Thus, if ∇ ¨ b “ 0, we have that pb ¨∇qu “ ∇ ¨ pbb uq.
Recently, P.G. Ferna´ndez-Dalgo and P.G. Lemari-Rieusset ([6]) gave a general
characterization for the pressure term in the incompressible Navier-Stokes equations
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(NS) on the whole Euclidean space Rd, with d P t2, 3u. In [6], the authors consider
velocities u “ pu1, ..., udq belonging to L2pp0, T q, L2wγpRdqq, with γ P td, d ` 1u.
In addition, if u P L2pp0, T q, L2wdpRdqq, and Fpt, xq :“ pFi,jpt, xqq1ďi,jďd belongs to
L1
`p0, T q, L1wdpRdq˘, it was also shown in [6] that p is given, up to constants, by
p “
dÿ
i,j“1
pϕ BiBjGdq ˚ puiuj ´ Fi,jq `
dÿ
i,j“1
pp1´ ϕq BiBjGdq ˚ puiuj ´ Fi,jq,
where ϕ P C80 pRdq :“ tψ : Rd Ñ C; ψ P C8pRdq and ψ has compact supportu is
a real-valued function such that ϕ “ 1 on a neighborhood of 0, ˚ stands for the
convolution product, and Gd is the fundamental solution of the Laplace equation on
Rd, i.e., ´∆Gd “ δ. So, for all x P Rd r t0u, with d P t2, 3u,
G2pxq “ 1
2pi
ln
ˆ
1
|x|
˙
and G3pxq “ 1
4pi|x| .
Furthermore, in the more favorable case, when u P L8pp0, T q, L2wγpR3qq, ∇u P
L2pp0, T q, L2wγpR3qq, and F P L2pp0, T q, L2wγpR3qq, with 0 ă γ ă 52 , the authors
in [7] showed that p is determined, up to constants, by the more simple formula
p “
3ÿ
i,j“1
RiRjpuiuj ´ Fi,jq.
The following definition concerns the Muckenhoupt class of weights.
Definition 1.1. Let d P Z`, and 1 ă p ă `8. A nonnegative real-valued mea-
surable function, w : Rd Ñ r0,`8q, belongs to the Muckenhoupt AppRdq class if
it is locally integrable and it satisfies the reverse Ho¨lder inequality, with conjugate
exponents p and q :“ p
p´1, given by
sup
xPRd,Rą0
ˆ
1
|Bpx,Rq|
ż
Bpx,Rq
wpyq dy
˙1
p
¨
ˆ
1
|Bpx,Rq|
ż
Bpx,Rq
wpyq´ 1p´1dy
˙1´ 1
p
ă `8. (1.1)
The next result is a d-dimensional generalization of Lemma 1 in [7], where it was
assumed that d “ 3.
Lemma 1.1 (Muckenhoupt weights). Let d P Z`, 0 ă δ ă d, and 1 ă p ă `8.
Then, wδ belongs to the Muckenhoupt AppRdq class.
Proof. We suppose that d P Z`, 0 ă δ ă d, and 1 ă p ă `8. Let x P Rd. Let
y P Rd be such that |y ´ x| ă R.
(i) First, we assume that R P p0, 1s. Then, 1 ` |y| ď 1 ` |x ´ y| ` |x| ă 1 ` R `
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|x| ď 2 ` |x| ď 2p1 ` |x|q. Proceeding similarly as in the last expression, we get
1` |x| ă 2p1` |y|q. Hence,
1
2
p1` |x|q ă 1` |y| ă 2p1` |x|q. (1.2)
It follows from (1.2) that
ˆ
1
|Bpx,Rq|
ż
Bpx,Rq
wδpyq dy
˙1
p
¨
ˆ
1
|Bpx,Rq|
ż
Bpx,Rq
wδpyq´
1
p´1 dy
˙1´ 1
p
ď
ˆ
2δ
p1` |x|qδ
˙ 1
p
¨
´
2
δ
p´1 ¨ p1` |x|q δp´1
¯p´1
p “ 4 δp .
(ii) We now pretend that R ą 1.
‚ We first consider the case when |x| ą 10R. Then, 1`|y| ď 1`|x´y|` |x| ă
1`R`|x| ă 1`` 1
10
` 1˘ |x| ď 11
10
p1`|x|q. Moreover, 1`|x| ď 1`|x´y|`|y| ă
1`R ` |y| ă 1` 1
10
|x| ` |y|. Thus, 9
10
p1` |x|q ă 1` 9
10
|x| ă 1` |y|. So,
9
10
p1` |x|q ă 1` |y| ă 11
10
p1` |x|q. (1.3)
By using (1.3), we get
ˆ
1
|Bpx,Rq|
ż
Bpx,Rq
wδpyq dy
˙1
p
¨
ˆ
1
|Bpx,Rq|
ż
Bpx,Rq
wδpyq´
1
p´1 dy
˙1´ 1
p
ď
«ˆ
10
9
˙δ
¨ 1p1` |x|qδ
ff 1
p
¨
«ˆ
11
10
˙ δ
p´1
¨ p1` |x|q δp´1
ff p´1
p
“
ˆ
11
9
˙ δ
p
.
‚ Finally, we presume that |x| ď 10R. Since |Bp0, Rq| “ |Bpx,Rq|, and
Bpx,Rq Ă Bp0, 11Rq, we obtain that
ˆ
1
|Bpx,Rq|
ż
Bpx,Rq
wδpyq dy
˙1
p
¨
ˆ
1
|Bpx,Rq|
ż
Bpx,Rq
wδpyq´
1
p´1 dy
˙1´ 1
p
ď
ˆ
1
|Bp0, Rq|
ż
Bp0,11Rq
wδpyq dy
˙1
p
¨
ˆ
1
|Bp0, Rq|
ż
Bp0,11Rq
wδpyq´
1
p´1 dy
˙1´ 1
p
“
ˆ
1
Rd
ż
11R
0
1
p1` rqδ ¨ r
d´1 dr
˙ 1
p
¨
ˆ
1
Rd
ż
11R
0
p1` rq δp´1 ¨ rd´1 dr
˙1´ 1
p
ď cδ,p
ˆ
1
Rd
ż
11R
0
1
rδ
¨ rd´1 dr
˙ 1
p
¨
«ˆ
1
Rd
ż
11R
0
rd´1 dr
˙1´ 1
p
`
ˆ
1
Rd
ż
11R
0
r
δ
p´1
`d´1
dr
˙1´ 1
p
ff
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“ cδ,p ¨
ˆ
11d´δ
Rδ ¨ pd´ δq
˙ 1
p
¨
»
–ˆ11d
d
˙1´ 1
p
`
˜
11
δ
p´1
`d ¨R δp´1
δ
p´1 ` d
¸1´ 1
p
fi
fl
“ cδ,p ¨ 11
d
pd´ δq 1p
¨
¨
˚˝p11Rq´ δp
d
1´ 1
p
` 1´
δ
p´1 ` d
¯1´ 1
p
˛
‹‚
ď cδ,p ¨ 11
d
pd´ δq 1p
¨
¨
˚˝ 1
d1´
1
p
` 1´
δ
p´1 ` d
¯1´ 1
p
˛
‹‚.
From (i) and (ii), the lemma follows. 
The following result will be used in the proof of Theorem 2.1.
Corollary 1.1. Let d P Z`, 0 ă δ ă d, and 1 ă p ă `8. Then, the following
assertions hold.
‚ For all j P t1, . . . , du, the j-th Riesz transform, Rj :“ Bj?´∆ , is a bounded
linear operator on LpwδpRdq, i.e., there exists a constant C :“ Cd,δ,p ą 0 such
that for all f P LpwδpRdq,
}Rjf}Lpwδ pRdq ď C }f}Lpwδ pRdq.
‚ The Hardy-Littlewood maximal function operator is a bounded nonlinear
operator on LpwδpRdq, i.e., there is a constant K :“ Kd,δ,p ą 0 such that for
all g P LpwδpRdq,
}Mg}Lpwδ pRdq ď K }g}Lpwδ pRdq.
Proof. These are properties of the Muckenhoupt AppRdq class (we refer to [8]). 
The main result of this paper and its proof are presented in the next section. It
is an improvement of Corollary 2 in [7], where it was given a characterization of
the pressure term, ∇p, in the incompressible 3D Navier-Stokes equations (NS) on
the whole Euclidean space R3. More specifically, Theorem 2.1 below considers the
dimension of the Euclidean space d P t2, 3u, while Corollary 2 in [7] refers only to
the case of dimension 3. Moreover, in the hypotheses of Theorem 2.1, for d “ 3,
we suppose that γ P p0, 3q, where γ is the parameter of the weight function, wγ,
whereas Corollary 2 in [7] concerns the case γ P p0, 5{2q. It deserves to remark
that the hypotheses of Theorem 2.1 imply the assumptions of Theorem 1 in [6];
however, Theorem 2.1 allows us to manipulate the pressure term in the Navier-
Stokes equations more easily, by using the Riesz transforms, than employing the
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techniques of Theorem 1 in [6]. Furthermore, we notice that in a recent work, Z.
Bradshaw and T.P. Tsai ([3]) study local expansions for the pressure term in the
Navier-Stokes equations. To end this section, we observe that some related results
can also be found in [2], [4, 5], and [9–16].
2. Determination of the pressure term in the incompressible
Navier-Stokes equations on the full Euclidean space
The primary goal of this section is Theorem 2.1 below. It can be used to obtain
a priori controls for solutions of the 2D incompressible Navier-Stokes equations in
weighted L2-spaces, and to study existence, uniqueness, and regularity of these
solutions. We note that A. Basson ([1]) proved uniqueness of the solutions of the
2D incompressible Navier-Stokes equations, for uniformly locally square integrable
initial data. It was also proposed in [1] the open problem concerning the uniqueness
of solutions of the 2D incompressible Navier-Stokes equations, for initial data u0
belonging to the space B2pR2q, where
}u0}2B2pR2q :“ sup
Rě1
1
R2
ż
|y|ďR
|u0pyq|2 dy ă `8.
It deserves to remark that our estimates for the pressure term, given in (2.5) and (2.7)
below, may be used to study the problem regarding the uniqueness of solutions of
the 2D incompressible Navier-Stokes equations, when the initial data belongs to the
weighted L2-space, L2wγ pR2q, with 0 ă γ ă 2. With respect to the aforementioned
spaces, we observe that (see Section 7 in [6])
L2wγ pR2q Ă B2pR2q Ă LpwδpR2q,
for 0 ă γ ď 2 ă δ. Now, we go to the major theorem of this manuscript.
Theorem 2.1. Let d P t2, 3u, 0 ă γ ă d, and 0 ă T ă `8. We suppose that
F :“ pFi,jq1ďi,jďd P L2pp0, T q, L2wγpRdqq. Let u be a solution of the problem$’&
’%
Btu “ ∆u´ pu ¨∇qu´∇q `∇ ¨ F,
∇ ¨ u “ 0,
(2.1)
such that u P L8pp0, T q, L2wγpRdqq, and ∇u P L2pp0, T q, L2wγpRdqq. We also assume
that the pressure, q, belongs to the space of distributions D1pp0, T q ˆRdq. Then, the
gradient of the pressure is given by the formula
∇q “ ∇
˜
dÿ
i,j“1
RiRjpuiuj ´ Fi,jq
¸
.
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If we, moreover, suppose that r P
´
1,mint d
d´1 ,
d
γ
u
¯
, and a P R satisfies 2
a
` d
r
“ d,
we get
dÿ
i,j“1
RiRjpuiujq P Lapp0, T q, LrwrγpRdqq,
and
dÿ
i,j“1
RiRjFi,j P L2pp0, T q, L2wγpRdqq.
Proof. We let
p :“
dÿ
i,j“1
RiRjpuiuj ´ Fi,jq.
We will show that ∇q ´∇p “ 0, where q is the pressure term in the incompressible
Navier-Stokes equations on Rd given in (2.1). We begin by demonstrating that p is
well-defined. Let 1 ă r ă mint d
d´1 ,
d
γ
u. We take a P R such that 2
a
` d
r
“ d, and
b P R such that 1
r
“ 1
2
` 1
b
. Thus, 2
a
“ d´ d
r
“ d
2
´ d
b
, and 0 ă d´ d
r
ă 1.
As
?
wγ u P L8pp0, T q, L2pRdqq, and ?wγ∇u P L2pp0, T q, L2pRdqq, by us-
ing the Gagliardo-Nirenberg interpolation inequality, we obtain that
?
wγ u P
Lapp0, T q, LbpRdqq. In fact, for almost all t P p0, T q, we get
}?wγ uptq}LbpRdq ď Cd,b }∇p?wγ uptqq}
d
2
´ d
b
L2pRdq ¨ }
?
wγ uptq}1´p
d
2
´ d
b
q
L2pRdq
ď γ Cd,b
`}?wγ uptq}L2pRdq ` }?wγ∇uptq}L2pRdq˘ d2´ db
¨ }?wγ uptq}1´p
d
2
´ d
b
q
L2pRdq .
As 2
a
“ d
2
´ d
b
, and integrating with respect to time, we see that
ż T
0
}?wγ upsq}aLbpRdqds ď γ Cd,b }
?
wγ u}a´2L8pp0,T q,L2pRdqq
¨
ż T
0
p}?wγ upsq}L2pRdq ` }?wγ∇upsq}L2pRdqq2ds (2.2)
ă `8.
Since
?
wγ u P Lapp0, T q, LbpRdqq, and using Ho¨lder’s inequality with indices 2r and
b
r
, we obtain that for all i, j P t1, . . . , du, wγ uiuj P Lapp0, T q, LrpRdqq, and
}uiuj}Lapp0,T q,Lrwrγ pRdqq “ } }
?
wγ uip¨q?wγ ujp¨q}LrpRdqq }Lap0,T q
ď } }?wγ uip¨q}L2pRdqq ¨ }?wγ ujp¨q}LbpRdqq }Lap0,T q
ď }?wγ ui}L8pp0,T q,L2pRdqq ¨ }?wγ uj}Lapp0,T q,LbpRdqq. (2.3)
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By the continuity of the Riesz transforms on LrwrγpRdq (see Corollary 1.1 above),
and employing the fact that 0 ă r γ ă d, we get
dÿ
i,j“1
RiRjpuiujq P Lapp0, T q, LrwrγpRdqq, (2.4)
and, more precisely, the following estimate holds
››› dÿ
i,j“1
RiRjpuiujq
›››
Lapp0,T q,Lrwrγ pRdqq
ď Cd,γ,r
dÿ
i,j“1
}uiuj}Lapp0,T q,Lrwrγ pRdqq
ď Cd,γ,r
dÿ
i,j“1
}?wγ ui}L8pp0,T q,L2pRdqq ¨ }?wγ uj}Lapp0,T q,LbpRdqq
ď γ 1a C˜d,γ,r }u}1`
a´2
a
L8pp0,T q,L2wγ pRdqq
¨
ˆż T
0
p}upsq}L2wγ pRdq ` }∇upsq}L2wγ pRdqq2ds
˙ 1
a
, (2.5)
where we have used (2.3) and (2.2). Using again the continuity of the Riesz trans-
forms, but this time on the space L2wγ pRdq, we obtain that
dÿ
i,j“1
RiRjFi,j P L2pp0, T q, L2wγpRdqq, (2.6)
and, moreover,
››› dÿ
i,j“1
RiRjFi,j
›››
L2pp0,T q,L2wγ pRdqq
ď Cd,γ
dÿ
i,j“1
}Fi,j}L2pp0,T q,L2wγ pRdqq. (2.7)
It follows from (2.4)-(2.7) that p is well-defined, and
p :“
dÿ
i,j“1
RiRjpuiujq ´
dÿ
i,j“1
RiRjFi,j P Lapp0, T q, LrwsγpRdqq ` L2pp0, T q, L2wγpRdqq.
We now consider the expression ∇q´∇p. By taking the divergence of both members
of the first equation of (2.1), we find that ∆pq ´ pq “ 0. In fact, as ∇ ¨ u “ 0, we
RIESZ TRANSFORMS AND THE PRESSURE IN THE NAVIER-STOKES EQUATIONS 9
have that ∇ ¨ Btu “ ∇ ¨∆u “ 0, and
∆q “ ∇ ¨∇q “ ´∇ ¨ ppu ¨∇qu´∇ ¨ Fq
“ ´∇ ¨ p∇ ¨ pub uq ´∇ ¨ Fq
“ ´
dÿ
i,j“1
BiBjpuiuj ´ Fi,jq
“ ∆
dÿ
i,j“1
Bi?´∆
Bj?´∆puiuj ´ Fi,jq
“ ∆p. (2.8)
Let ε0 P
`
0, T
2
˘
. Let α P C80 pRq be a nonnegative real-valued function such that for
all t P ts P R; |s| ě ε0u, αptq “ 0, and
ş
R
αpsq ds “ 1. Moreover, let β P C80 pRdq be
a nonnegative real-valued function such that
ş
Rd
βpxq dx “ 1. We use the symbol
αb β to indicate the real-valued function given by
α b β : Rˆ Rd ÝÑ R
ps, xq ÞÝÑ pαb βqps, xq :“ αpsq βpxq.
Also, for all ps, xq P R ˆ Rd, we write pα b ∆βqps, xq :“ αpsq∆βpxq P R, and
pα b ∇βqps, xq :“ pαpsq B1βpxq, . . . , αpsq Bdβpxqq P Rd. Then, the mollification,
Aα,β,t, of ∇q ´∇p given by
Aα,β,tpxq :“ ppαb βq ˚∇q ´ pα b βq ˚∇pqpt, xq
is well-defined on pε0, T ´ ε0q ˆ Rd. Furthermore, for all t P pε0, T ´ ε0q,
Aα,β,t “ pp´Bt αb β ` α b∆βq ˚ uqpt, ¨q ` ppα b∇βq ˚ p´ub u` Fqqpt, ¨q
´ ppαb∇βq ˚ pqpt, ¨q, (2.9)
where for every s P pε0, T ´ ε0q, and for almost all x P Rd, ppα b∇βq ˚ p´ub u `
Fqqps, xq denotes the vector whose i-th coordinate is given by
dÿ
j“1
pp´uiuj ` Fi,jq ˚
pα b Biβqps, xq, for each i P t1, . . . , du. For almost all t P pε0, T ´ ε0q, we will prove
that Aα,β,t is necessarily zero, by demonstrating that it is a harmonic tempered
distribution, and therefore it is a polynomial, and finally by showing that Aα,β,t
belongs to a space which does not contain nontrivial polynomials. Since γ P p0, dq,
and
lim
rÑ 1`
dp2´ rq
2r
` γ
2
“ d
2
` γ
2
ă d,
there exist real numbers σ and η such that
1 ă σ ă min
! d
d´ 1 ,
d
γ
)
, (2.10)
10 B. A´LVAREZ-SAMANIEGO, W. P. A´LVAREZ-SAMANIEGO, AND P. G. FERNA´NDEZ-DALGO
and
max
!
γ,
dp2´ σq
2σ
` γ
2
)
ă η ă d
σ
ă d. (2.11)
For almost every t P p0, T q, by using (2.4), (2.6) and (2.10), we see that
pptq P LσwσγpRdq ` L2wγ pRdq,
and, of course, by employing (2.3) and (2.10), we get
p´ub u` Fqptq P LσwσγpRdq ` L2wγ pRdq.
Since for all function ϕ P C8
0
pRdq, and for every locally integrable function f : Rd Ñ
C, |f ˚ ϕ| ď CϕMf , it follows that the convolution with a function belonging to
C8
0
pRdq is a bounded linear operator defined on L2wγ pRdq, and also on Lσwσγ pRdq.
Thus, from (2.9), for almost every t P pε0, T ´ ε0q, we obtain that
Aα,β,t P Lσwσγ pRdq ` L2wγ pRdq,
and therefore Aα,β,t is a tempered distribution. Moreover, for all t P pε0, T ´ ε0q,
Aα,β,t is a harmonic polynomial. In fact, let s P pε0, T ´ ε0q. Then,
∆Aα,β,s “ pα b βq ˚∇p∆pq ´ pqqps, ¨q “ 0,
where in the last expression we have used (2.8). In addition, by using Ho¨lder’s
inequality, we obtain that
LσwσγpRdq ` L2wγ pRdq Ă LσwσηpRdq.
In fact, for all g P LσwσγpRdq ` L2wγ pRdq, we see thatż
|gpxq|σwσηpxq dx ď
ˆż
p|gpxq|σwσγ
2
pxqq 2σ dx
˙σ
2
¨
ˆż
p1` |x|q´pση´ σγ2 qp 22´σ q dx
˙1´σ
2
ă `8,
where in the last expression we have used the fact that
´
η ´ γ
2
¯
¨
ˆ
2σ
2´ σ
˙
ą d, which
follows from (2.11). By using (2.11), we see that ση ă d. Then, the space LσwσηpRdq
does not contain nontrivial polynomials. Hence, for almost all t P pε0, T ´ ε0q,
Aα,β,t “ 0. For all ε ą 0, for every t P R, and for each x P Rd, we now let
αεptq :“ 1
ε
α
ˆ
t
ε
˙
, and βεpxq :“ 1
εd
β
´x
ε
¯
.
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Since for any ε ą 0, αε b βε P C80 pR ˆ Rdq is a nonnegative real-valued function
satisfying ż
RˆRd
pαε b βεqps, xq ds dx “ 1,
we conclude that for almost all t P p0, T q,
∇pq ´ pqpt, ¨q “ lim
εÑ 0
Aαε,βε,t “ 0.

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